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Abstract
Let h be a piecewise-linear (PL) circle homeomorphism with two break points a
0
 , c
0
 and irrational rotation number ρh . Denote by qn 
,           n ≥ 1 the first return times of h and 00
0
( 0)
( ) :
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h aa
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 the jump of h at the point a
0
 . We prove that for every 1x S∈  the sequence 
0
1
log ( ) mod1, 1
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nq
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Dh x n
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  ≥ 
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 is uniformly distributed on [0,1].
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1 Introduction
Let f be an orientation preserving homeomorphism of the 
circle 1 /S ≡    with lift :F →  , which is continuous, 
strictly increasing and fulfills ( 1) ( ) 1,F x F x x+ = + ∈ .The 
circle homeomorphism f is then defined by f(x) = F(x) mod 
1 with x ∈  a lift of 1x S∈ . The rotation number fρ  is 
defined by
( )
: lim mod1.
n
f n
F x x
n
ρ
→∞
−
=
Here and below, F i denotes the i-th iteration of the map 
F . It is well known, that the rotation number ρf does not de-
pend on the starting point x ∈  and is irrational if and only 
if f has no periodic points (see [3]). The rotation number ρf is 
invariant under topological conjugations. Let rotation num-
ber ρf be irrational. Then ρf has an unique continued fraction 
expansion as ρf  = 1/(k1+ 1/(k2+ ...)) := [k1 , k2 , ..., kn , ...). 
Denote by pn /qn = [k1, k2, ..., kn], n ≥ 1, its n-th convergent. 
The numbers qn, n ≥ 1, are called also the first return times 
of f and satisfy the recurrence relations q
n+1
 =k
n+1
qn + qn−1 n 
≥1, where q
0
 = 1 and q1 = k1 .
Denjoy’s classical theorem states (see [3]), that a circle 
diffeomorphism f with irrational rotation number ρ = ρf and 
log Df of bounded variation can be conjugated to the lin-
ear rotation R
ρ
 with lift R̂
ρ
 (x̂) = x̂ + ρ, that is, there exists a 
homeomorphism φ : S1 → S1 with f = φ ◦ R
ρ
 ◦ φ-1.
It is well known, that a circle homeomorphism f with ir-
rational rotation number ρf is uniquely ergodic, i.e. it has an 
unique invariant probability measure µf. A remarkable fact 
then is, that the conjugacy φ can be defined by φ(x) = µf ([0, 
x]) (see [3]), which shows, that the smoothness properties of 
the conjugacy φ imply corresponding properties of the den-
sity of the absolutely continuous invariant measure µf for a 
sufficiently smooth circle diffeomorphism with a typical ir-
rational rotation number (see [1],[9], [8],[10]). The problem 
of smoothness of the conjugacy for smooth diffeomorphisms 
is by now very well understood (see for instance [1], [8], [9], 
[10], [15]).
Piecewise linear (for short PL) orientation preserving 
circle homeomorphisms are simplest examples of piecewise 
smooth circle homeomorphisms with break points. They oc-
cur in many different areas of mathematics such as group 
theory, homotopy theory or logic via the Thompson groups. 
A family of PL-homeomorphisms was first studied by M. 
Herman [9] as examples of circle homeomorphisms with ar-
bitrary irrational rotation number which admit no invariant 
σ-finite measure absolutely continuous with respect to Leb-
esque measure.
In [9] (section 7 of chapter VI) M. Herman introduced a 
family of P L-homeomorphisms with two break points, for 
which he studied their invariant measures and the regular-
ity of the maps conjugating them to linear rotations: given 
two real numbers λ > 1 and β > 0 he defines for x̂∈ [0, 1] 
the piecewise linear map ,λ : [0, 1] → [0, 1] as (see Fig 3.1)
,
ˆ ˆ, if 0 ,
ˆ( )
ˆ ˆ( 1) 1, if 1,
x x c
H x
x c x
β λ β
λ
λ −
≤ ≤
= 
− + ≤ ≤              
(1)
1
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such that λc = λ-β(c - 1)+1.
Then Herman considers for 0 ≤ θ ≤ 1 the one-parameter 
family of P L-maps H
β,λ,θ
 of the unit interval with
, , ,
ˆ ˆ( ) ( ) mod1,H x H xβ λ θ β λ θ= +
and the induced piecewise linear homeomorphisms of the 
circle
, , , , ˆ( ) ( ) mod1.h x H xβ λ θ β λ θ=                    (2)
Obviously a
0
= 0 and c
0
 = c are break points of all these 
h
β,λ,θ
 . Denote their rotation number for fixed λ > 1 and β > 
0 by ρ
θ
. Continuity and monotonicity of ρ
θ
 as a function of θ 
imply that for arbitray irrational number α∈ [0, 1] there ex-
ists an unique θ = θ(α)∈ [0, 1] with ρ
θ
 = α. In [9] Herman 
proved
Theorem 1.1. The invariant measure of a PL-circle 
homeomorphism with two break points and irrational rota-
tion number is absolutely continuous with respect to Leb-
esque measure if and only if these break points lie to the 
same orbit.
Herman’s family of maps has been studied later by sev-
eral authors (see for instance [2], [12], [?], [13]) in the con-
text of interval exchange transformations. Special cases are 
affine 2-interval exchange transformations, to which Her-
man’s examples with break points a
0
 = 0 and c
0
= c belong 
to the same orbit.
In [5] Dzhalilov et al. proved the following result. Let 
f be a piecewise-smooth homeomorphism with two break 
points. If f is C 2 except at the two break points and its rota-
tion number is of bounded type then the unique f -invariant 
probability measure µf is equivalent to Lebesgue measure if 
and only if the two break points of f lie on the same orbit and 
its total jump ratio σf = 1 . Notice that the condition of bound-
ed type is essential: if ρf is not of bounded type, the homeo-
morphism f obtained by conjugating a C 2 diffeomorphism 
with singular invariant measure.
The invariant measures of piecewise-smooth homeomor-
phisms f with a finite number of break points have been stud-
ied by several authors (see for instance [2], [4], [5], [6], [7], 
[14]). For such a homeomorphism the character of the in-
variant measure strongly depends on its total jump ratio σf 
being trivial or nontrivial, i.e. σf = 1 or σf ≠ 1. A recent result 
of Dzhalilov et al. in [7] in the case σf ≠ 1 is
Theorem 1.2. Let f ∈  C 2+ε (S 1 \ {a1, a2, ..., am }), ε > 0 
be a P -homeomorphism with irrational rotation number ρf 
and a finite number of break points a1 , a2 , ..., am . Suppose, 
its total jump ratio σf = σf (a1 ) · σf (a2 ) · ... · σf (am ) ≠ 1. Then 
its invariant probability measure µf is singular with respect 
to Lebesque measure l.
More difficult to investigate are piecewise smooth P 
-homeomorphisms f with a finite number of break points and 
trivial total jump ratio σf  = 1. In the special case of piecewise 
C 2+ε P -homeomorphisms f , whose break points all lie on 
the same orbit, the invariant measure µf is absolutely contin-
uous w.r.t. to Lebesque measure for typical irrational rotation 
numbers (see [?]). Rather complicated is the case , when the 
break points of such a homeomorphism f are not on the same 
orbit. In this case A. Teplinskii constructed in [14] examples 
of P L-homeomorphisms f with four break points and trivial 
total jump ratio σf = 1, whose irrational rotation numbers ρf 
are of unbounded type and whose invariant measures µf are 
absolutely continuous w.r.t. Lebesque measure l.
In circle dynamics to investigate the behaviour of D nqf  
plays important role. Next we briefly give the main facts on 
bounds of D nqf  .
• Let f be a circle diffeomorphism with irrational rotation 
number ρ = ρf and v := var log D f < ∞. Then for all x∈S 1 , 
the inequality (see for instance [9])
( )nqv ve D f x e− ≤ ≤                           (3)
holds. Inequality (3) is called Denjoy’s inequality. It follows 
from Denjoy’s inequality, that the intervals of the dynami-
cal partition ξ
n
(x
0
) have exponentially small lengths. Conse-
quently, f is minemal i.e. the orbit of any point is dense on S 1 
. This imply that, f topologically conjugated to the linear ro-
tation R
ρ
(x) = x + ρ mod1, that is, there exists a homeomor-
phism φ : S 1 → S 1 with f = φ ◦ R
ρ
 ◦ φ-1.
• Suppose that circle diffeomorphism f∈C 2+ε (S 1), ε > 0, 
D f ≥ Const > 0, and its rotation number ρ is irrational. Then 
(see [10])
( ) 1nq nDf x Const q− ≤ ⋅                       (4)
where the constant q∈ (0, 1) doesn’t depend on x and n. Us-
ing the relation (4) can be proved (see [10]) that for typical 
irrational rotation numbers ρ the conjugacy φ ∈  C 1+δ (S 1), 
for any δ ∈  (0, ε).
Let h be PL homeomorphism with two break points 
a
0
 and c
0
 and irrational rotation number ρ = ρh. A. Dzhali-
lov, A. Jalilov and D. Mayer in [6] proved that the function 
( )nqDh x  takes ether two or three values and these values be-
long to the set
1 2
0 0 0{ ( ), ( ), ( )},
n n nq q qDh a Dh a Dh aσ σ− −+ + +
consequently
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0
1
log ( ) log ( ) mod1,
log
n nq qDh x Dh a
σ +
=
for all x∈S 1 .
Definition 1.3. The numerical sequence of real numbers {tn, 
n ≥ 1} is called uniformly distributed mod1 on [0,1] if and 
only if for any continuous function F on [0,1]:
1 2
[0,1]
( ) ( ) ... ( )
lim ( )n
n
F t F t F t
F x dx
n→∞
+ + +
= ∫
Next we formulate the main result of our work.
Theorem 1.4. Let h be PL homeomorphism with two break 
points a
0
 , c
0
 and irrational rotation number ρh. Denote by qn 
, n ≥ 1 first return times of ρh, and σ := σh the jump of h at the 
point a
0
. Then the sequence
0
1
: log ( )
log
nq
n Dh aα σ +
=                      (5)
uniformly distributed mod 1 on [0, 1].
The theorem 1.4 shows that contrary diffeomorphisms 
for Herman’s PL maps h with two breaks and irrational ro-
tation number the sequence 0
1
log ( )
log
nqDh a
σ +
 is dense on 
[0, 1].
2 Herman’s family of P L-homeomorphisms with two 
break points
In [9] (section 7 of chapter VI) M. Herman introduced a 
family of P L-homeomorphisms with two break points, for 
which he studied their invariant measures and the regular-
ity of the maps conjugating them to linear rotations: given 
two real numbers λ > 1 and β > 0 he defines for x̂∈ [0, 1] the 
piecewise linear map H
β,λ
 : [0, 1] → [0, 1] as
,
ˆ ˆ, if 0 ,
ˆ( )
ˆ ˆ( 1) 1, if 1,
x x c
H x
x c x
β λ β
λ
λ −
≤ ≤
= 
− + ≤ ≤
such that λc = λ−β (c − 1) + 1.
Fig. 3.1
Then Herman considered for 0 ≤ θ ≤ 1 the one-parameter 
family of P L-maps H
β,λ,θ
 of the unit interval with
, , ,ˆ ˆ( ) ( ) mod1H x H xβ λ θ β λ θ= +
and the induced piecewise linear homeomorphisms of the 
circle
, , , , ˆ( ) ( ) mod 1h x H xβ λ θ β λ θ=                    (6)
Obviously a
0
= 0 and c
0
= c are break points of all these 
h
β,λ,θ
 . Denote their rotation number for fixed λ > 1 and β > 0 
by ρ
θ
. Continuity and monotonicity of ρ
θ
 as a function of θ 
imply that for arbitrary irrational number α∈ [0, 1] there ex-
ists an unique θ = θ(α) ∈  [0, 1] with ρ
θ
 = α. Herman then 
proved in [9]
Theorem 2.1. The following properties are equivalent:
(i) h
β,λ,θ
 is conjugate to the linear rotation Rα through an 
absolutely continuous homeomorphism;
(ii) h
β,λ,θ
 is conjugate to Rα through a Lipschitz homeo-
morphism;
(iii) h
β,λ,θ
 can be conjugated to Rα by a piecewise C ∞ 
homeomorphism, which is not P L;
(iv) mod 1;
1
β
α
β
∈
+

(v) the break points a
0
 and c
0
 belong to the same orbit un-
der h
β,λ,θ
 .
3 Proof of Theorem 1.4.
In this section we prove the theorem 1.4. Using the defi-
nition of h
β,λ,θ
 (x) it can be easily checked that for every n ≥ 1
0 0
, , 1
[ , ]
log ( )
( ) ,
(1 ) log 1a c
Dh x
x x Sβ λ θ βχ
β λ β
= − ∈
+ +
         (7)
where χ
[a0,c0]
 is the characteristic function of the interval [a
0
, 
c
0
]. Obviously
1
0
(0)
( )
(0)
Dha
Dh
βσ σ λ − −−= = =
+
for h = h
β,λ,θ
 , and hence log σ = −(1 + β) log λ. Then we can 
rewrite (7) as
0 0
, ,
[ , ]
log ( )
( ),
log 1 a c
Dh x
xβ λ θ β χ
σ β
= −
+
              (8)
and hence also for any n ≥ 1
0 0
1
, ,
[ , ] , ,
0
log ( )
( ( )).
log 1
n n
k
a c
k
Dh x n h xβ λ θ β λ θ
β
χ
σ β
−
=
= −
+ ∑       (9)
Therefore the following useful Lemma holds for Herman’s 
homeomorphism h
β,λ,θ
Lemma 3.1. For every n ≥ 1
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1
, ,
1
log ( ) mod 1 .
log 1
nDh x n x Sβ λ θ
β
σ β
= ∈
+
   (10)
We need the following
Theorem 3.2. (see [11]). For [a, b] ⊂   let un : [a, b] 
→ R, n = 1, 2, .. be a sequence of continuously differentiable 
real valued functions. Suppose, for arbitrary m, n ∈  N, n ≠ 
m, the function Dun(x) − Dum(x) is monotone with respect to 
x and that furthermore | Dun(x) − Dum(x) |≥ K > 0 for some 
constant K not depending on x, m and n. Then the sequence 
un(x), n = 1, 2, ... is uniformly distributed mod 1 for almost 
all x in [a, b].
Since un(x) = qn·x fulfills the assumptions of Theorem 3.2 
it follows that the sequence mod1
1
nq β
β
⋅
+
 is uniformly dis-
tributed for Lebesque almost all .
1
β
β+
. This together with 
lemma 3.1 implies the assertion of theorem 1.4.
Remark The sequence mod1
1
nq β
β
⋅
+
 is not uniformly 
distributed for all 1
β
β+ , since , ,1 f
m
β λ θ
β
ρ
β
=
+  mod 1 for 
some integer m, lim 01
n
x
q β
β→∞
⋅
=
+
, where x  denotes the dis-
tance of x to the nearest integer. In the case of rotation num-
bers of bounded type one has indeed the following result
Theorem 3.3. (see [11]). Let α be an irrational number 
of bounded type with partial quotients n
n
p
q
 . Then
lim 0nn q x→∞ = 
if and only if x∈   α mod 1.
References
[1] V.I. Arnold, Small denominators I. Mapping the circle 
onto itself, Izv. Akad. Nauk SSSR Ser. Mat. 25 (1961) 21–
86.
[2] Z. Coelho, A. Lopes and L. da Rocha, Absolutely con-
tinuous invariant measures for a class of affine interval ex-
change maps, Proc. Amer. Math. Soc. 123 (11) (1995) 3533–
3542.
[3] I.P. Cornfeld, S.V. Fomin and Ya.G. Sinai, Ergodic Theo-
ry, Springer Verlag, Berlin, (1982).
[4] A.A. Dzhalilov and K.M. Khanin, On invariant measure 
for homeomorphisms of a circle with a point of break, Func-
tional Anal. i Prilozhen. 32 (3) (1998) 11–21, translation in 
Funct. Anal. Appl. 32 (3) (1998) 153–161.
[5] A.A. Dzhalilov and I. Liousse, Circle homeomorphisms 
with two break points, Nonlinearity, 19 (2006) p. 1951-1968.
[6] A.A. Dzhalilov, A.A. Jalilov and D. Mayer, A remark on 
Denjoy’s inequality for P L circle homeomorphisms with 
two break points, Journal of Mathematical Analysis and Ap-
plications, 458 (2018) p. 508-520
[7] A.A. Dzhalilov, D. Mayer and U.A. Safarov, Piecwise-
smooth circle homeomorphisms with several break points, 
Izv. Ross. Akad. Nauk Ser. Mat. 76 (1) (2012) 101–120, 
translation in Izv. Math. 76 (1) (2012) 94–112.
[8] Y. Katznelson and D. Ornstein, The absolute continuity 
of the conjugation of certain diffeomorphisms of the circle, 
Ergod. Theor.Dyn.Syst. 9(1989), p.681–690.
[9] M. Herman: Sur la conjugaison différentiable des difféo-
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